North Atlantic. However, this is not a steady solution in a basin with closed f /h contours, and the circulation evolves into a gyre that encircles the basin. The timing of this evolution depends on the Rossby number, with higher Rossby numbers evolving faster. Based on the budget of potential vorticity, an argument is made that the western boundary is not long enough to drain significant vorticity from the flow and therefore a bathymetric β-plume is not a steady solution. A similar argument suggests that the Labrador Sea cannot sustain steady, linear, barotropic recirculations either. We speculate that the observed recirculations depend on inertial separation at sharp bathymetric gradients to break the assumption of linearity, which leads to significant viscous dissipation.
Introduction
The main feature of the circulation in the Irminger and Labrador Seas is a swift geostrophic current flowing around the coast of Greenland, across Davis Strait, and south along Labrador. During its course, its name changes from the Irminger Current/East Greenland Current to the West Greenland Current, and finally to the Labrador Current, but in the following it is referred to simply as the boundary current. It is a familiar feature of the subpolar ocean (Sverdrup et al., 1942; Schmitz and McCartney, 1993) , but until the advent of satellite measurements, little was known about the details of the interior Labrador Sea circulation. Sea surface temperature and sea surface height (SSH) measurements revealed an energetic interior with an area of eddy formation off the West Greenland shelf (Lilly et al., 2003) .
Profiling Lagrangian floats were deployed in the Irminger and Labrador Seas in the late 1990s and mapped out several sub-basin-scale recirculations (Lavender et al., 2000; . These recirculations are present in the hydrographic data of Hall et al. (2013) as alternating bands of velocity near the Greenland coast, indicating the different sides of a coastal recirculating gyre. Holliday et al. (2009) found that observations agreed with the scheme of Lavender et al. (2005) , with recirculating cells on either side of Eirik Ridge and net flow from the Labrador Sea into the Irminger Sea, although they found that the boundary current is not continuous across the ridge. Some recirculations add to it and some subtract from it.
Others have combined the float data with general circulation models to estimate the circulation. Faure and Speer (2005) used data assimilation to calculate a stream function for the subpolar North Atlantic at 1500 m depth. They constrained averaged float data with the conservation of barotropic potential vorticity (PV, see their Fig. 6a ). Since it must conserve f /h, where f is the Coriolis parameter and h is the depth of the water, this circulation is linear, unforced, undamped, and barotropic. The streamlines are concentrated near the continental shelves and seem to follow the bathymetry. This suggests a mid-depth boundary current that flows unbroken from the Irminger Sea to the Labrador Sea and around to Grand Banks. Recirculations appear east of Greenland in the Irminger Sea and in the interior Labrador Sea. Forget et al. (2008) estimated the circulation by assimilating data from Argo floats.
They found that the mid-depth velocities agreed with the drift maps of Lavender et al. (2000) . Both showed velocities in excess of 5 cm s −1 along the Greenland and Canada coasts, but not in the rest of the subpolar gyre, and cyclonic recirculations in the Labrador Sea. The circulation estimated from Argo data lacked a closed recirculation in the Irminger Sea, however.
Estimates of the circulation show a narrow, recirculating cell in the western part of the Irminger Sea (Holliday et al., 2007; Våge and et al., 2011) , while others exist in the Labrador Sea. Because they are inferred from data averaged over timescales longer than those of transient eddies, they are a permanent feature of the circulation. They are cyclonic, situated offshore close to the shelf break, and have velocities of about 5 cm s −1 .
Their cross-shelf extent is 200-300 km, while their along-shelf extent is longer, giving the cells a stretched appearance. Similar recirculations appear in the high-resolution simulations of Käse et al. (2001) .
The dynamical origin of these recirculating cells was addressed by Spall and Pickart (2003) (hereafter SP03). They used an idealized numerical model of the subpolar North
Atlantic with a rectangular basin and a peninsula extending south from the northern boundary (representing Greenland) that partially separated the model into Labrador and Irminger
Seas. Their results showed that when a cyclonic, seasonal wind stress was applied east of the peninsula, the resulting time-averaged circulation resembled the float data of Lavender et al. (2000; . Water flows westward, around the coast of Greenland, and southward along the western boundary. The vorticity that is added to the flow by the wind is lost in a viscous western boundary layer in order to balance the overall vorticity budget. Once the vorticity has been dissipated into the boundary layer, the flow retroflects and returns to the forcing region, creating a recirculating cell. The region of minimum SSH in this cell is located off the Greenland coast. SP03 referred to these dynamics as a time-dependent, stratified, bathymetric β-plume. For the original formulation of a β-plume, see Stommel (1982) . The β-plume is a Green's function for the Stommel model of ocean circulation, namely, a homogeneous fluid over a flat sea floor, with linear drag, negligible inertia, and a point source of vorticity forcing (Vallis, 2006) . The streamlines of a β-plume diffuse and advect westwards from the forcing location like a passive tracer. In an ocean with uniform depth, the rate of advection is governed by β = df /dy, the gradient of planetary vorticity, hence the name β-plume.
SP03 concluded that a seasonally varying wind stress east of Greenland is sufficient to explain the recirculating cells in the oceanographic data. Their model, however, had sloping northern and western walls, but vertical southern and eastern walls. Contours of f /h therefore terminate in the southwest corner. The fluid cannot navigate this corner and conserve PV and instead retroflects, returning to the forcing region and forming a closed recirculation. In this study, we show that when f /h contours do not terminate there but continue around the basin, another type of circulation exists (a basin-wide gyre) and appears to be the only stable solution.
Haine and Fuller (2016) (hereafter HF16) established the theory of the budget of PV for β-plumes, including in the presence of a boundary. Their model was a semi-infinite ocean with a flat sea floor and a straight coastline. This was a first step in explaining the existence of recirculations in the subpolar North Atlantic, but that model is not representative of the real ocean. In this paper we take another step by using an idealized model similar to that of SP03 and calculating the budget of PV along the western boundary. We then do the same using the bathymetry of the Labrador Sea. We find that within a realistic domain, localized recirculations driven by strong forcing exist only as quasi-steady states because, in the presence of varying bathymetry, viscous dissipation is not strong enough to produce the required closure.
We describe the numerical model in section 2 and our results in section 3. In section 4 we connect the results to the work of HF16. The discussion and conclusions are given in section 5.
Some caveats for the physical oceanographer: this paper is about wind-forced gyres in a weakly stratified ocean. As such it neglects convection and three-dimensional overturning. The familiar water masses of the subpolar North Atlantic, like Denmark Strait Overflow Water, Labrador Sea Water (LSW), and North Atlantic Deep Water, are not considered here. For a review of these topics, the reader is referred to Deshayes et al. (2007) , Haine et al. (2008 ), or Palter et al. (2008 . Also absent is a northward flowing western boundary current, like the Gulf Stream. Spall (1996) showed that intense mixing occurs at the crossover of the Gulf Stream and the Deep Western Boundary Current (DWBC) near Cape Hatteras. Eddy fluxes of PV entrain the upper DWBC into the interior, where it recirculates with the gyres. With no Gulf Stream, as in this study, this mixing and entrainment do not feature. Finally, while a region of intense wind stress curl off the east coast of Greenland is realistic (Daniault et al., 2011) , no heat flux is allowed, which is an important feature of the real Greenland tip jet . Only the wind's mechanical effect is modeled, not its thermal effect.
Model configuration
Numerical experiments are performed with the Massachusetts Institute of Technology general circulation model (MITgcm; Marshall et al. (1997) ). The model domain is shown in Figure 1 . It is a rectangular basin 1200 × 900 km. Depth h(x, y) is measured positive upwards from the resting sea surface in the z direction and has a deepest value H = -3000 m. Greenland is idealized as a Gaussian curve on the northern side of the domain. All sidewalls slope down exponentially with an e-folding length l = 60 km. For comparison, SP03 used vertical sidewalls except at the northern and western walls, where l = 60 km.
We use two setups, one with 8 layers of 375 m (as in SP03) and another with 2 layers of 1500 m. The model has a Cartesian x-y coordinate system and is forced by a region of wind stress of the form
such that
We use a westward wind stress (τ 0 < 0) to give a positive (cyclonic) curl, shown by the red contours in Figure 1 . The peak magnitude of the curl is 1.56 × 10 −6 Nm −3 , very similar to that used by SP03. This is 30% stronger than the climatological winter wind stress curl (Renfrew et al., 2002) and many times stronger than the annual average wind stress curl (Mesinger et al., 2006; Våge and et al., 2011) . Therefore it should not be considered representative of the long-term forcing in the Irminger Sea. Our aim is to be consistent with SP03 and to explore geophysical fluid dynamics.
The model is hydrostatic and run on a β-plane with f = f 0 + βy, where f 0 = 1.2 × 10 −4 s −1 . The horizontal Laplacian diffusivity of heat is 20 m 2 s −1 and that of momentum ν = 50 m 2 s −1 . In the vertical direction they are both 10 −5 m 2 s −1 . The horizontal momentum coefficient is probably an order of magnitude smaller than in the Labrador Sea (Funk et al., 2009) , but is used for consistency with SP03. As shown in section 4, an increase of one or even two orders of magnitude does not qualitatively change the results.
Taking β = 1.14 × 10 −11 m −1 s −1 (the value at Cape Farewell) and a characteristic horizontal speed U = 5 cm s −1 , we can estimate the Munk length (Munk, 1950) 
and the inertial length (Pedlosky, 1996) 
The inertial length estimates the width of the western boundary current. The boundary conditions are no-slip along the walls and free-slip along the bottom. Because δ I /δ M = 4.0, there is a viscous sublayer along the coastline to satisfy the no-slip boundary condition (Pedlosky, 1996) .
The horizontal grid resolution is 7.5 × 7.5 km. Measurements indicate that eddies in the Labrador Sea have scales of about 10 km (Funk et al., 2009) . We can also compare the model resolution to the theoretical deformation radius. In a continuously stratified fluid, the deformation radius L d = N h/f , where N is the buoyancy frequency, given by
ρ is the density of the fluid, ρ 0 is the average density (assumed to be much larger than the variations), and g is gravitational acceleration, 9.81 ms −2 . The model starts with a temperature stratification ∆T = 1 • C (5 • C at the surface and 4
• C at the maximum depth H).
The equation of state is linear with a thermal expansion coefficient α T = 2 × 10
Salinity is uniform. Therefore density is proportional to temperature, ∆ρ = −ρ 0 α T ∆T , and (5) becomes
Then we have,
which, with the values given above, is 20 km. This suggests that the model has two to three grid cells per deformation radius and may be eddy-permitting, but is probably not eddy-resolving.
In the next section, β, τ 0 , and ν are varied systematically and the corresponding circulations are cataloged. Each of these variables affects the model in a different way, and we wish to know how they alter the long-term circulation.
Numerical results
The numerical solutions are best understood by looking first at a snapshot of a model that exhibits the expected linear response. We expect the early circulation to resemble a linear β-plume that follows the bathymetry in the direction of dynamical west, as discussed in HF16. Then the time evolution of a model at a given value of β is discussed, followed by the long-term, steady-state solutions of many models at different values of β. This shows that the dynamics of even this simple model are complex.
a. The β-plume Without forcing or dissipation, water parcels conserve their PV and streamlines coincide with
∇ψ , where ψ is the stream function (HF16). If the flow is also linear (relative vorticity is negligible), then streamlines coincide with f /h contours. Flow perpendicular to f /h contours is a local response proportional to the local forcing; flow parallel to f /h contours is a nonlocal response, determined by integrating along the f /h contours (Koblinsky, 1990) .
The flow in Figure 2 has characteristic horizontal velocities of order 5 cm s −1 or less.
Using f = 1.2 × 10 −4 s −1 and L = 500 km, the Rossby number is about 10 −3 , so the circulation outside of the forcing region is safely linear. The SSH and f /h contours do not coincide exactly because the flow is not steady. The model is still evolving after 10 years.
In particular, SSH contours continue to move counterclockwise around the perimeter of the basin. We examine the time evolution of the model below, but first we address the dynamics at work in Figure 2 .
The explanation for this circulation is that of a stratified, bathymetric β-plume. The β-plume was first described by Stommel (1982) and is most readily demonstrated by the inviscid linear vorticity equation,
where v is meridional velocity and ∂w/∂z is the change in vertical velocity with height. In the northern hemisphere, inside a forcing region where ∂w/∂z is positive (cyclonic wind stress), (8) predicts a northward transport (Pedlosky, 1987) . Outside this region, however, ∂w/∂z = 0, and there can be no inviscid meridional transport. In an open ocean with flat bathymetry, water must leave from and return to the forcing region as a zonal current.
At some point west of the forcing region, the circulation is closed in a viscous boundary layer, perhaps at a solid wall whose dynamics are not contained in (8). Thus, in a zonal channel with isolated forcing in the east, the result is a plume with westward transport to the north and a returning eastward transport to the south.
In the β-plume in Figure 2 , which has sloping bathymetry, the fluid vorticity is modified first by the input of cyclonic vorticity from the wind stress. It then wraps around the coast of Greenland and proceeds westward until it reaches the western boundary. If the forcing is strong enough, the plume continues south along the boundary, crossing lines of planetary vorticity. The vorticity change resulting from both the wind stress and the southward flow is offset in a viscous western boundary layer, and the current retroflects and returns to the forcing region to close the circulation.
b. Transition to a gyre
Sverdrup balance and equation (8) describe the β-plume in Figure 2 , modified appropriately for the presence of bathymetry (see HF16). In the long term, however, Sverdrup balance is not appropriate inside a region of closed f /h contours (Koblinsky, 1990) . In these areas time-dependent dynamics and friction can influence the barotropic flow. Even a small amount of friction can alter the global state of a recirculating fluid because it has unbounded time to act (Pedlosky, 1996) .
To see how this affects the circulation, we look at the time evolution beyond 10 years. Other SSH contours near the perimeter wrap all the way around the basin.
For several more years, the β-plume extends farther west. SSH contours reach south along the western boundary, east along the southern boundary, and north along the eastern boundary. After year 5 they begin to enter the forcing region and reconnect. In the geostrophic limit, streamlines coincide with contours of f /h and a fluid parcel would follow the perimeter of the domain, not recirculate. From years 6 to 7, the circulation quickly changes, with all the contours spreading out to form a single, cyclonic gyre around the basin. This process is complete by year 10. From years 10 to 40, the SSH in the middle of the domain deepens and aligns more closely with f /h contours, and the circulation strengthens.
The transition from a β-plume to a gyre is mostly complete after 10 years. The timing of this transition, however, is a strong function of β. (Koblinsky, 1990) . We find a slower evolution superimposed on this decadal adjustment. Indeed, further simulations at larger β suggest that this slow evolution always occurs and the transition to a gyre is only delayed. It seems that a β-plume in this model is not absolutely steady. We explore this idea further in section 4.
Note that the transition from a β-plume to a gyre in Figures 3 and 4 is fast. In Figure   3 it occurs in less than one year, after 5-6 years in the β-plume state. In Figure 4 it occurs in 3-4 years, after 170 years in the β-plume state. The transition occurs on the timescale of years, whereas the circulation may spend decades to centuries as a β-plume before and, presumably, infinitely long as a gyre after.
c. The β effect
We see from Figures 3 and 4 that the gyre circulation is stronger than the β-plume circulation. This is demonstrated by the fact that the SSH anomaly in the middle of the gyre is lower than it is in the middle of the β-plume. We can calculate the transport from the velocity fields by summing up the normal component of velocity across a vertical plane between the SSH minimum and the nearest coastal point. As long as the gyre always has a stronger circulation than the β-plume, we can use transport as a metric to distinguish unique model states and plot the solutions against a parameter of choice.
The relevant measure of nonlinearity for our problem is the β-Rossby number (or the external Rossby number), defined as
where τ 0 is the characteristic strength of the wind stress and L is the length of the domain.
Like the classic Rossby number, the β-Rossby number is the ratio of inertial acceleration to Coriolis acceleration in a barotropic fluid, on a β-plane, and forced by wind stress τ 0 (Vallis, 2006) . We see immediately that there appear to be two branches of solutions: a lower branch with transport less than 7 Sv and an upper branch with transport greater than about 15 Sv.
The lower branch corresponds to β-plume solutions and the upper branch corresponds to gyre solutions. In between is an empty region with no data points.
It is helpful to picture how these data points evolve in time. The models start from rest with zero transport, so the data points begin at the bottom of Figure 5 at their respective Rossby numbers. As the wind spins up the fluid, the models develop an initial β-plume and the data points move vertically upward. This process is faster at higher R β (lower β). After a certain time, some of these points jump to the top of the figure. This is the fast transition to a gyre. They then continue to move upward more and more slowly. The upper branch is evidently their final state. The empty space between the gyre and β-plume branches indicates that the branches are stable (or marginally stable), but all points in between are unstable.
As mentioned, the β-plume appears to be nearly steady, with some simulations spend- For the 8-layer case, the transport of both branches increases with R β . The circulation becomes more inertial, whether by lower β or stronger wind. There is a range of R β over which both gyre and β-plume persist for centuries. We can say with confidence that above R β ≈ 0.6 × 10 −3 , a β-plume vanishes within 200 years. Below that, we can merely say that it does not. We conjecture that it would vanish too, given enough time, because the models are still evolving after 200 years. Given the extreme sensitivity to β, however, this process may take millennia in some cases. For R β < 0.6 × 10 −3 , both branches exist in a quasi-steady state. The β-plume solution is reached by running forward from rest or by stepping there from a nearby solution. The gyre solution is reached only by stepping there from a solution at higher R β . Figure 6 shows the SSH anomaly from several 8-layer simulations in Figure 5 . The upper row shows the gyre circulation and the lower row shows the β-plume, for the same values of β. The white lines show the f /h contours, which change from column to column with changing β. β decreases (R β increases) from left to right. This illustrates the regime in Figure 5 where both types of circulation appear to be steady solutions.
As β decreases, the β-plume increases in length, as measured by the darker blue contours that encircle the basin, but it is restricted by the size of the domain. When β = 3.0 × 10 −11 m −1 s −1 the boundary current flows counterclockwise along the northern, western, and southern boundaries, and moves partway up the eastern wall before retroflecting and returning to the forcing region. When β = 1.6 × 10 −11 m −1 s −1 , the boundary current reaches around the basin and returns to the forcing region from the east.
For β = 1.2 × 10 −11 m −1 s −1 , the β-plume disappears within a few years ( Fig. 3 ) and we see a cyclonic, basin-wide gyre that follows f /h contours, with a region of low SSH in the interior. This gyre does not occur when the southern boundary is a vertical wall (SP03).
The solution structure depends qualitatively on the continuity of the f /h contours. When they terminate at a vertical wall, the flow is unable to navigate the corner and remain steady and linear. Other terms must become important. But when f /h contours encircle the domain, the flow can continue eastward on its trajectory.
Consider that the inertial scale δ I increases as β decreases (eq. (4)). With β = 2.0 × 10 −11 m −1 s −1 , the inertial boundary layer is 50 km wide; with β = 1.2 × 10 −11 m −1 s −1 , it increases to 65 km. Physically, the associated western intensification controls the width of the boundary current, and larger β produces a narrower flow. Conversely, the boundary current widens with decreasing β. Frictional interactions between the current and the side walls are stronger with a narrow flow, hence a narrow current (larger β) is able to shed vorticity faster than a broad flow and retroflect earlier, as seen. This idea is developed further in section 4.
The 2-layer runs are computationally much cheaper than the 8-layer runs, and so the cutoff is 400 years for them. The model state at that time is considered the long-term steady state. We see in Figure 5 that a branch of β-plume solutions exists below about R β = 0.4 × 10 −3 . Above this value, only a gyre branch exists and the transport is linear with R β (including a positive offset). In every simulation with R β > 0.4 × 10 −3 , the circulation transitioned to a gyre within 400 years. This supports the hypothesis that the 8-layer simulations would also eventually transition to a gyre.
Near R β = 0.35 × 10 −3 , the long-term solution appears to change. Two-layer simulations at R β < 0.35 × 10 −3 maintain a β-plume despite their provenance in a branch of gyre solutions. The circulation of these simulations, which began as a β-plume and evolved into a gyre, has evolved back into a β-plume. For even smaller R β , the β-plume
persists. This is the only part of parameter space where a β-plume appears to exist indefinitely, although we show that this is likely untrue: the circulation still creeps towards a gyre state, but very slowly.
d. Forcing and dissipation
We now consider how these results change when the characteristic wind stress τ 0 and the horizontal momentum diffusivity ν change. Table 1 Experiments 1-14 vary β and are described above. Experiments 15-19 vary ν logarithmically from 50 to 2000 m 2 s −1 . As ν increases, the final transport at the end of 100 years decreases, and all experiments are still in the β-plume state. These data points are shown in Figure 5 as a vertical row of open squares at R β = 0.9 × 10 −3 , transport = 4-8 Sv. They are not stationary: they are slowly evolving toward higher transport at 100 years.
Whether or not they would ever reach the gyre state is addressed in section 4. Experiments 20 and 21 vary τ 0 . In experiment 20, it is half of its normal value and the transport is about half that of experiment 15 (the control). It is still a β-plume after 100 years. In experiment 21, τ 0 is double its normal value, but the transport is 47 Sv, nearly six times that of experiment 15. (This data point is off the scale in Figure 5 .) However, experiment 15 is still a transient β-plume; the transport of a model that has attained a steady gyre circulation at the same R β is about 22 Sv. The transport in experiment 21 is about twice this. In other words, the transport of both the gyre and β-plume branches increases roughly linearly with R β .
To summarize, strong enough forcing makes the flow more inertial (larger δ I ) and selects the gyre circulation. Conversely, increasing viscosity makes the flow less inertial and selects the β-plume circulation (experiments 15-19). These results are consistent with the idea that the β-plume solution applies if there is sufficient viscous interaction with the boundary to drain the imposed vorticity anomaly before the plume reaches back to the forcing region (see Section 4).
To study the timing of the transition from a β-plume to a gyre, we select only those experiments that were run from start to finish with fixed parameters. Those that started at the end of another experiment with a different value of β are excluded. Of the selected experiments, the ones that showed a transition are plotted in Figure 7 . Both the 2-layer and the 8-layer experiments show a jump in transition time. For the 2-layer experiments, this occurs at R β = 0.8 × 10 −3 , and for the 8-layer experiments at R β = 1.1 × 10 −3 .
In both cases the time of the transition increases by an order of magnitude, from O(10) years to O(100) years, although it is more severe for the 8-layer experiments. Below these critical values, the transition times are approximately proportional to 1/R β and apparently increase without bound as R β → 0. The upper limit of the data shows only the last known transition. 8-layer experiments at R β < 0.5 × 10 −3 , for example, likely also transition, but they evolve so slowly that it is infeasible to run them long enough. The inverse relationship with R β is not unexpected (a smaller gradient in planetary vorticity or stronger wind forcing spins up the fluid faster), but the step change is. It is unclear why the transition time exhibits two regimes, and this is explored more below, but we speculate that it has to do with weak baroclinic effects in this nearly barotropic model.
We have performed similar simulations in a domain with no Greenland peninsula and obtained similar results. The models exhibit two types of circulation: a β-plume that extends westward, wrapping around the domain until it retroflects and returns to the forcing region, and a basin-wide gyre with stronger transport. The peninsula does not change the existence of these solutions, only the location in parameter space at which they occur and the timing of the transition. The important point is that the f /h contours are closed.
Vorticity budget
The results from section 3 suggest that the β-plume is not a stable solution in the current domain. The transition to a gyre occurs when the plume manages to encircle the basin and return to the forcing region. Thus, the downstream extent of the plume (measured counterclockwise from the forcing region) is the controlling factor. To quantify this extent, we would like to know the characteristic distance over which it decays. 
Expanding, we have
where A, B, . . . are 17 functions of h. The terms on the left-hand side can be rewritten as u · ∇ψ, where the components of u are
Equation (10), then, can then be written as
which is analogous to an advection-diffusion equation in ψ with forcing Q. The stream function is "advected" in the direction defined by the pseudovelocity vector u. For constant layer thickness, i.e., (u, v) = (−β, 0), ψ is distributed as if it is advected westwards at speed β. For a layer with varying thickness, the analogous advection components include bathymetric terms. These introduce a meridional component to the flow and distort u away from west. We refer to the resulting direction,
as dynamical west. It is the direction in which the stream function appears to be advected.
The angle is measured positive counterclockwise from west and takes values in the interval
The first terms in (12) and (13) are proportional to f /h and advect ψ along h contours. Viscosity introduces many higher-order terms that are proportional to the partial derivatives of h. Strong gradients in layer thickness, large f , or large ν can all cause θ w to point away from true west.
a. Idealized western boundary
Equations (12) and (13) are complex for a general thickness field, but we can simplify them by considering a western boundary with bathymetric variation only in x. Then they reduce to
We let the western boundary slope exponentially with e-folding length l and abyssal depth H:
Plugging (18) into (16) and (17) yields
where
We are interested in the angle of intersection between dynamical west and the western boundary. We define a new angle
which is measured positive clockwise from south and also has a range [−180
When dynamical west points into the western boundary, the angle of intersection θ is positive, which is consistent with HF16. Figure 8 is a contour plot with distance from the western boundary on the x-axis and β on the y-axis. The contours show log 10 θ, where θ is measured in degrees. At all values of β there is a broad range near the boundary over which this angle is very small, less than 1
• . The dashed line traces out the curve of minimum angles. Note that it is not at the boundary itself, but rather 20-30 km offshore. The minimum angle is of interest because it controls the maximum downstream distance reached by the plume (HF16). We expect that for a given β, water parcels offshore at the distance of the dashed line experience less dissipation than their neighbors and conserve more of their PV. They are the last to retroflect and therefore set the upper limit of the plume's extent.
Although θ is small at the western boundary, it is even smaller at the southern boundary by a factor of 10-100. The northern and eastern boundaries have much less effect on the β-plume because dynamical west points away from them (HF16). Therefore most of the dissipation happens at the western boundary and it is unnecessary to calculate θ anywhere else.
In HF16 the e-folding decay lengths of the β-plume tails for the Stommel and Munk models were calculated for wall intersection angles 3 • < θ < 50
• . Figure 9 shows l S = 2/(1 − cos θ), the theoretical decay length of the Stommel model (thin solid line). The data for the Munk model were determined numerically and are shown by the plus signs.
These scales have units of δ S and δ M , respectively, which in turn have units of meters. In this way we can compute l M δ M , where l M is the decay length of the Munk model (in units of δ M ) derived from the data in Figure 9 . l M δ M therefore gives a decay scale for the Munk β-plume in meters, which can be compared to the length of the western boundary. If the western boundary is much longer than l M δ M , there is sufficient distance to extract vorticity from the flow and we expect that the plume retroflects, or at least noticeably weakens. If the western boundary is much shorter than l M δ M , there is not sufficient distance and the plume should continue around the basin largely unaffected, ultimately reconnecting in the forcing region.
We extend the data for the Munk model to angles smaller than 3
• by fitting a power law to them. The line of best fit is shown in Figure 9 (dashed line). The exponent of the power-law relationship is k = −1.3, which has a smaller absolute value than the exponent for the Stommel model, k = −2. This indicates that the decay scale in the Munk model is a weaker function of the intersection angle than in the Stommel model, but still highly dependent on the angle. The thick line segment shows the range of angles that lie along the minimum curve in Figure 8 and for which we want to know l M . Clearly at such small angles l M is very large, O(1000δ M ). Multiplying by δ M produces the curve in Figure 10 .
β is plotted on the lower x-axis and the corresponding latitude, where it exists, is plotted on the upper x-axis. (On Earth, β does not exceed 2.3 × 10 −11 m −1 s −1 .) The 8-layer simulations from section 3 are indicated by the × symbols. At small β, corresponding to small θ, the scale is O(10 8 ) meters, which is hundreds of times longer than the western boundary. This falls off quickly with increasing β, but for all values considered, l M δ M is 10 or more times the length of the western boundary in the model results shown above.
This implies that for no value of β is a 900 km western boundary capable of extracting a large fraction of vorticity from the flow.
This explains the results of section 3, where we conjectured that every model, given enough time, eventually reaches a gyre state. As the models spin up and a β-plume forms, it slowly but continuously spreads around the domain, following contours of f /h. Once the SSH lines reenter the forcing region, the wind is able to spin up the water repeatedly and the circulation proceeds quickly to a gyre.
We can combine Figures 7 and 10 to find the relationship between the timing of the observed transition from β-plume to gyre as a function of the theoretical decay length. This is shown in Figure 11 . This looks qualitatively identical to Figure 7 , with the jump now at 5.3 × 10 7 m. There is nothing obviously special about this length. It is about 60 times the length of the western boundary or 13 times the circumference of the domain. It remains unclear why the transition time is so sensitive at this particular length or value of
So far we have used ν = 50 m 2 s −1 . How does the decay scale l M δ M change for other values? Intuitively, we expect that as the flow becomes more viscous, the β-plume has a shorter decay scale. This is evident in the definition δ M = (ν/β) 1/3 , which suggests a weak dependence on ν. But the decay scale also changes through the angle of dynamical west (eq. (15)), which determines l M . Figure 12 shows a contour plot of log (l M δ M ) in the space of β and ν. The contours are spaced 0.25 logarithmic units apart, so that each one is 10 0.25 = 1.8 times larger than its neighbor. The thick black contours were calculated using the β-plane approximation. The thin gray contours were calculated using spherical coordinates. The equivalent latitude is shown on the upper x-axis, where it exists. All simulations were run on a β-plane; the spherical coordinate contours are shown only for comparison. The 8-layer simulations are again indicated by × symbols.
The model western boundary is 900 km = 10 5.95 m. Therefore we do not expect noticeable dissipation to occur unless the choices of β and ν place l M δ M above and to the right of the 6 contour. However, this contour does not appear in Figure 12 for the β-plane approximation, and it appears only very near the equator in spherical coordinates. In other words, a mid-latitude β-plume is an impossible steady state given the dimensions of the domain, β < 5 × 10 −11 m −1 s −1 , and 40 < ν < 4000 m 2 s −1 . Only with wildly unrealistic parameter choices could we force l M δ M to approach 900 km. Over most of Figure 12 , it is an order of magnitude or more larger than 900 km.
Is a steady β-plume simply impossible then? Restricting ourselves to reasonable choices for β, ν, and the length of the western boundary, the only remaining parameter is l, the decay scale of the bathymetry at the sidewall. This controls l M δ M in a complex way that we cannot explore here, but it may be possible that a low-latitude basin with steep sidewalls and high eddy viscosity could permit a steady β-plume.
b. The Labrador Sea
We now apply the same arguments to the bathymetry of the Labrador Sea. Highresolution data is obtained from the British Oceanographic Data Centre (IOC, IHO, and BODC, 2003) and smoothed using a two-dimensional Gaussian filter with a standard deviation of 2 km. Where the direction of dynamical west points into the sea floor, the decay length of the no-slip Munk β-plume is calculated using the best-fit power-law relationship and then scaled by the local value of δ M = (ν/β) 1/3 , with ν = 500 m 2 s −1 (Funk et al., 2009) . The result is shown in Figure 13 . White indicates areas where the local direction of dynamical west points away from the sea floor, and so the theory of HF16 does not apply, or the dynamical west vector is trivially short. The color bar stops at 10,000 km.
The western continental shelf of the Labrador Sea has decay lengths of several thousands of kilometers, with some areas exceeding 10,000 km. Since this is clearly larger than the scale of the Labrador Sea, it implies that a steady, linear, barotropic circulation with Laplacian viscosity would be mostly undamped in its transit around the continental shelf.
The circulation would not be expected to retroflect. The shortest decay lengths appear around Greenland. These are O(1000) km or less in places. This is still comparable to the length of the southern Greenland coast, but does admit the possibility of strong damp- however, assume barotropicity from the start.
Discussion and conclusions
We use MITgcm to investigate the nature of wind-forced circulations in an idealized model of the subpolar North Atlantic with closed f /h contours. The forcing is designed to exert cyclonic wind stress curl over a small region of the basin, similar to the point source vorticity forcing in HF16. The initial response of the ocean is a bathymetric β-plume, i.e., a β-plume that is steered mainly by changes in layer thickness, not by changes in the Coriolis parameter. The wind drives a westward flow around Greenland and south along the western boundary. The current then retroflects and returns to the forcing region, closing the circulation.
In the long-term, however, the β-plume evolves counterclockwise around the basin until it reenters the forcing region from the east. At this point, a rapid transition to a basin-wide gyre occurs. This transition occurs over a wide range of β, wind forcing, and viscosity, although the timing of the transition is sensitive to these parameters. In simulations with eight vertical layers, the gyre solution appears to persist indefinitely. In simulations with two layers, for large β, the β-plume persists as a quasi-steady state: after several hundred years of model time, the β-plume has not yet transitioned to a gyre, but we cannot say that it is unconditionally steady. The transport of the gyre is two to three times higher than the transport of the β-plume.
An analysis of the budget of PV along the western boundary explains the transition from a β-plume to a gyre. This follows the work of HF16, who analyzed the PV budget of a coastal β-plume forced by a point source. For all realistic choices of parameters, the western boundary of the idealized model is much shorter than the predicted decay scale of the β-plume. This means that there is not enough distance along the western boundary for dissipation to drain the vorticity imparted by the wind. Therefore the β-plume continues to encircle the domain, and the observed trend towards a basin-filling gyre seems inevitable. The opportunity for nonlinearity to distort PV through the layer thickness, in addition to the relative vorticity, presumably also introduces new phenomena in a nonlinear baroclinic model. Future work should explore these effects more, focusing on the slow evolution of the β-plume. Additionally, recall that R β is proportional to τ 0 /β 2 . Changes in τ 0 affect R β , but changes in β affect both R β and the distribution of f /h contours.
Therefore τ 0 is a more precise way to control R β without simultaneously altering the f /h field. Varying β conflates the two effects. Future work should therefore span a range of R β by varying τ 0 and leaving β fixed. Only two such experiments (20 and 21) were carried out in this study. and β-plume (lower row). The solutions in each column were attained for the given value of β. All simulations were run for at least 200 years to ensure steady-or nearly steadystate conditions. The white lines show the same f /h contours across all plots. In the last column, only the gyre solution is steady: the initial β-plume disappears within a few years (see Fig. 3 ). Figure 9 : β-plume decay scales as a function of θ. Units are δ S or δ M . The thin solid line shows the theoretical asymptotic limit for the Stommel model, which is 2/(1 − cos θ). The plus signs show the data from HF16 for the Munk β-plume with a no-slip boundary condition. The dashed line shows the best fit to the data and the thick line segment indicates the angles for which we need to know the decay scale. The equivalent power-law exponents are displayed next to the lines. Table 1 ). The western boundary in these simulations is 900 km long, or about 10 6 m, which is off the scale in this figure. The upper x-axis shows the latitude corresponding to β, where it exists. 
